Graded Isomorphisms on Upper Block Triangular Matrix Algebras by Ramos, Alex et al.
ar
X
iv
:1
70
8.
04
67
9v
1 
 [m
ath
.R
A]
  1
5 A
ug
 20
17
GRADED ISOMORPHISMS ON UPPER BLOCK TRIANGULAR
MATRIX ALGEBRAS
ALEX RAMOS, CLAUDEMIR FIDELIS, AND DIOGO DINIZ
Abstract. We describe the graded isomorphisms of rings of endomorphisms
of graded flags over graded division algebras. As a consequence describe the
isomorphism classes of upper block triangular matrix algebras (over an alge-
braically closed field of characteristic zero) graded by a finite abelian group.
1. Introduction
In this paper we describe the isomorphisms of rings of endomorphisms of a graded
flag over a graded division algebra. These rings arise in the classification of gradings
on an algebra of upper block triangular matrices, in [5] gradings by a finite abelian
group were classified under the hypothesis that the base field is algebraically closed
of characteristic zero. As it turns out any such graded algebra is isomorphic to the
ring of endomorphisms of a graded flag. A grading on an upper block triangular
matrix algebra is called elementary if the elementary matrices are homogeneous,
any grading of this type is isomorphic to the ring of endomorphisms of a graded
flag over a field. Isomorphisms of elementary gradings were described in [1], two
elementary gradings are isomorphic if and only if the corresponding graded flags
are isomorphic up to a shift.
Graded simple algebras (that satisfy the descending chain condition on graded
left ideals) are described as the ring of endomorphisms of a graded vector space over
a graded division ring (see [2], [3]). More precisely, given a graded simple algebra R
satisfying the d.c.c. there exists a pair (D,V ), where D is graded division ring and
V is a (finite dimensional) graded vector space over D, such that R is isomorphic
to EndDV . Isomorphisms of rings of endomorphisms of graded vector spaces are
described in terms of isomorphisms of pairs. In our main result (Theorem 1) we
prove the analogous result for rings of endomorphisms of graded flags.
Gradings on upper block triangular matrix are described in [5] as a tensor prod-
uct of a division grading on a matrix algebra and an elementary grading on an
upper block triangular matrix algebra. As a consequence of our main result we
determine (Corollary 4), in terms of this decompositions, when two gradings are
isomorphic. Two gradings are isomorphic if and only if the graded division compo-
nents and the elementary graded components are isomorphic. The description in
[5] is for gradings by finite abelian groups and algebras over an algebraically closed
field of characteristic zero, it was conjectured in [5] that this results hold in general.
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2. Preliminaries
Let K a field, V a vector space (over K), a grading by the group G on V (or a
G-grading on V ) is a vector space decomposition V = ⊕g∈GVg. The support of the
grading is the set supp V = {g ∈ G | Vg 6= 0}. An element v ∈ V is homogeneous
if v ∈ Vg for some g ∈ G, if v 6= 0 we say that v is homogeneous of degree g and
denote degG v = g. A subspace W of V is homogeneous if W = ⊕g∈GW ∩ Vg.
A morphism from V to the G-graded vector space W is a linear transformation
f : V → W such that f(Vg) ⊆ Wg for every g ∈ G. If f is an isomorphism of
vector spaces then f−1 : W → V is also a morphism, in this case we say that the
graded vector spaces V and W are isomorphic and that f is an isomorphism of
graded vector spaces. Let V and W be vector spaces graded by the groups G and
H respectively. A linear map f : V → W is graded if for every g ∈ G there exists
an h ∈ H such that f(Vg) ⊆ Wh. We say that f is an equivalence of V and W
if f−1 is also a graded linear transformation. In this case we obtain a bijection
α : supp V → supp V ′ where f(Vg) ⊆Wα(g).
If A is a K-algebra a G-grading on A is a G-grading A = ⊕g∈GAg on the
underlying vector space such that AgAh ⊆ Agh for every g, h ∈ G. A subalgebra B
of A is homogeneous if B is homogeneous as a subspace of A, analogously an ideal
of A is homogeneous if the underlying subspace is a homogeneous subspace. Let
A and B be algebras graded by the group G, a homomorphism of graded algebras
is a homomorphism of algebras ϕ : A → B such that the underlying linear map
is a morphism of graded vector spaces. A grading on the left (resp. right) A-
module V by the group G is a grading V = ⊕g∈GVg on the vector space V such
that AgVh ⊆ Vgh (resp. VhAg ⊆ Vhg) for every g, h ∈ G. We use the convention
that morphisms of left modules are written on the right and morphisms of right
modules are written on the left. Let V, V ′ be graded A-modules, a homomorphism
ψ : V → V ′ is homogeneous of degree τ if ψ(Vg) ⊆ V
′
τg for every g ∈ G.
An algebra D graded by G is a graded division algebra if every non-zero homo-
geneous element is invertible. A graded right module over D is free, the standard
results for vector spaces over division algebras hold (see [4, Proposition 2.5]). We
will refer to a graded right module over a graded division algebra as vector spaces.
Let D be a graded division algebra and V a graded vector space over D. Denote
EndDV the ring of endomorphisms of the D-module V . For any τ ∈ G the set
(EndDV )τ of homogeneous endomorphisms of degree τ is a subspace of EndDV ,
the sum of such subspaces is direct, moreover if V is of finite dimension we have
the equality EndDV = ⊕τ∈G(EndDV )τ (see [3][Corollary I.2.11, pp. 10]), moreover
(EndDV )τ (EndDV )λ ⊆ (EndDV )τλ, therefore this decomposition is a grading by
the group G on EndDV .
Definition 1. Let D be a graded division algebra and V a graded vector space
over D. A graded flag on V of length r is a chain of homogeneous D-subspaces
F : V0 ⊂ V1 ⊂ · · · ⊂ Vr, where V0 = 0 and Vr = V .
The set EndD F of endomorphisms of the flag F is a subalgebra of EndD V .
In the next proposition we prove that this is a homogeneous subalgebra.
Proposition 1. Let V be a finite dimensional vector space over a graded division
algebra D. If F is a graded flag on V then the algebra EndD F of endomorphisms
of the flag is a homogeneous subalgebra of EndD V .
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Proof. Let ψ be an endomorphism of F . We write ψ = ψ1 + · · · + ψk,
where ψ1, . . . , ψk are homogeneous elements of EndD V of pairwise distinct de-
grees τ1, . . . , τk respectively. Given v ∈ Vi ∩ Vg we have ψ(v) = ψ1(v) + · · ·ψk(v).
Since ψ(v) ∈ V ′i and V
′
i is a homogeneous subspace we conclude that ψj(v) ∈ V
′
i
for j = 1, . . . , k. This proves that ψj(Vi ∩ Vg) ⊂ V
′
i , since Vi = ⊕g∈GVi ∩ Vg we
conclude that ψj(Vi) ⊆ V
′
i for i = 1, . . . , r. This means that ψj lies in EndD F for
j = 1, . . . , k. 
Definition 2. Let D, D′ be graded division algebras and F : V0 ⊂ V1 ⊂ · · · ⊂ Vr,
F ′ : V ′0 ⊂ V
′
1 ⊂ · · · ⊂ V
′
r graded flags of the same length on the vector spaces V and
V ′ over D and D′ respectively. An isomorphism from the pair (D,F ) to (D′,F ′)
is a pair (ψ0, ψ1) where ψ0 : D → D
′ is an isomorphism of graded algebras and
ψ1 : V → V
′ is an isomorphism of graded vector spaces such that ψ1(Vi) = V
′
i , for
i = 0, . . . , r and ψ1(vd) = ψ1(v)ψ0(d) for every v ∈ V and every d ∈ D.
In the next proposition we prove that an isomorphism of pairs (D,F )→ (D′,F ′)
induces an isomorphism from EndDF to EndD′F
′.
Lemma 1. If R = EndDF is the ring of endomorphisms of a flag F over a graded
division algebra D then EndR Vi = D.
Proof. Denote V0 = 0 and let v ∈ Vi \ Vi−1 and f ∈ EndR Vi. If v and vf
are linearly independent over D then there exists r ∈ R such that rv = 0 and
r(vf) 6= 0, this is a contradiction because r(vf) = (rv)f = 0. Hence there exists
a d ∈ D such that vf = vd. Given w ∈ Vi there exists r ∈ R such that rv = w,
therefore wf = (rv)f = r(vd) = wd. 
Proposition 2. Given an isomorphism (ψ0, ψ1) from (D,F ) to (D
′,F ′), there
exists a unique isomorphism of graded algebras ψ : R → R′, where R = EndDF ,
R′ = EndD′F
′, such that ψ1(rv) = ψ(r)ψ1(v) for every r ∈ R and every v ∈ V .
Two isomorphisms (ψ0, ψ1) and (ψ
′
0, ψ
′
1) determine the same isomorphism R→ R
′
of graded algebras if and only if there exists a non-zero homogeneous d in D′ǫ, where
ǫ is the neutral element in G, such that ψ′0(x) = d
−1ψ0(x)d and ψ
′
1(v) = ψ1(v)d.
Proof. Given r ∈ R then the mapping ψ(r) given by v′ 7→ ψ1(r(ψ
−1
1 (v
′))) lies in
R′, moreover ψ : R→ R′ is an isomorphism of rings such that ψ1(rv) = ψ(r)ψ1(v).
It is clear that ψ is unique satisfying this equality and that ψ is an isomorphism of
graded rings.
If (ψ0, ψ1) and (ψ
′
0, ψ
′
1) determine the same isomorphism then (ψ1)
−1 ◦ψ′1 lies in
(EndR V )ǫ, therefore Lemma 1 implies that there exists d0 ∈ Dǫ such that (ψ1)
−1 ◦
ψ′1(v) = vd0 for every v ∈ V . Hence we conclude that ψ
′
1(v) = ψ1(v)d, for every
v ∈ V , where d = ψ0(d0). Let v ∈ V \ {0} and x ∈ D, then ψ
′
1(vx) = ψ
′
1(v)ψ
′
0(x),
therefore ψ1(v)ψ0(x)d = ψ1(v)dψ
′
0(x). This implies that ψ
′
0(x) = d
−1ψ0(x)d. The
converse is clear. 
The main result of the paper is Theorem 1 which is the converse of the previous
proposition. We also prove an analogous result (Corollary 2) for equivalence of
rings of endomorphisms of graded flags. Let V , W be vector spaces graded by the
groups G and H , respectively, an equivalence from V to W is a linear isomorphism
f : V →W such that for every g ∈ G there exists an h ∈ H such that f(Vg) = Wh.
Analogously let A and B be algebras graded by the groups G and H , an equivalence
from A to B is an isomorphism of algebras ψ : A → B such that for every g ∈ G
there exists an h ∈ H such that ψ(Ag) = Bh.
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Definition 3. Let D, D′ be graded division algebras graded by the groups G and
H respectively and V , V ′ be graded vector spaces over D and D′ respecively. An
equivalence from (D,V ) to (D′, V ′) is a pair (ψ0, ψ1) where ψ0 : D → D
′ is an
equivalence of graded algebras and ψ1 : V → V
′ is an equivalence of vector spaces
such that ψ1(vd) = ψ1(v)ψ0(d) for every v ∈ V and every d ∈ D.
The homomorphism of algebras determined by an equivalence of pairs may not
be an equivalence of graded algebras (see [2][pp. 42]).
We finalize this section with the notion of shift of a grading. Let V = ⊕g∈GVg
be a grading on the vector space V and g an element of G. The right shift by g
is the grading, denoted V [g], such that (V [g])hg := Vh, analogously one defines the
left shift by g which is denoted [g]V . Let D be a graded algebra and V a graded
right D-module. Given g ∈ G then [g
−1]D[g] is also a graded algebra and V [g] is a
graded right [g
−1]D[g]-module. Let F : V0 ⊂ V1 ⊂ · · · ⊂ Vr be a graded flag on V ,
then V
[g]
0 ⊂ V
[g]
1 ⊂ · · · ⊂ V
[g]
r is a graded flag on V [g] that we denote F [g].
3. Graded Isomorphisms of Rings of Endomorphisms of Graded Flags
Let R = EndDF and R
′ = EndD′F
′ where F and F ′ are flags over the
graded division algebras D and D′ respectively. If there exists a g ∈ G such that
([g
−1]D[g],F [g]) is isomorphic to (D′,F ′) then Proposition 2 implies that R and R′
are isomorphic as graded rings. In this section, Theorem 1, we prove the converse
of this statement.
Lemma 2. Let R = EndDF , where D be a graded division algebra, V a graded
right D-module and F : V0 ⊂ V1 ⊂ · · · ⊂ Vr = V is a graded flag on V . Then the
submodules of V as a left R-module are V0, V1, . . . , Vr.
Proof. First, note that V0, V1, . . . , Vr are graded R-submodules of V . Now,
suppose that W is a non-zero graded R-submodule of V , let p be the integer in
{1, . . . , r} such that W ⊆ Vp and W * Vp−1. Let w ∈ W \ Vp−1, there exists a
basis β = {v1, . . . , vn} of F such that vnp−1+1 = w, where n = dimDV , np−1 =
dimDVp−1. Given v ∈ Vp let r be the D-linear endomorphism of V such that rw = v
and rvi = 0 if i 6= np−1 + 1, it is clear that r ∈ R. Since W is an R-submodule we
conclude that v = rw ∈ W , therefore Vp ⊆W . 
Lemma 3. Let R = EndDF , where F is a flag over the graded division algebra
D. If e is an idempotent of R such that e(V ) = V1 then R1 = Re is a subring of R,
the mapping r 7→ r |V1 is an isomorphism from R1 onto EndDV1 and R = R1 ⊕ I1,
where I1 = R(1− e).
Proof. Clearly R1, I1 are left ideals, in particular R1 is a subring. Denote
i : V1 → V the inclusion, the mapping r1 7→ ir1e is an injective homomorphism
from EndDV1 to R1. Moreover given r ∈ R1 then the restriction r |V1 of r to V1
lies in EndDV1 and i(r |V1)e = re = r, therefore r1 7→ ir1e is an isomorphism of
graded rings. 
Remark 1. Given v ∈ V and r ∈ R the element re(v) lies in V1, therefore ere(v) =
re(v). This implies that ere = re for every r ∈ R, therefore (1−e)r = (1−e)r(1−e),
hence I1 is also a right ideal. In fact we have I1 = AnnRV1, indeed V1 = e(V )
implies that rV1 = 0 if and only if re = 0. Since r = re+ r(1− e) and (1− e)e = 0
we conclude that re = 0 if and only if r ∈ I1.
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Lemma 4. Let ψ : R → R′ be an isomorphism of graded algebras, where R =
EndDF and R
′ = EndD′F
′ are the rings of endomorphisms of the graded flags F
and F ′ over the graded division algebras D and D′ respectively. If e is a non-zero
idempotent of R such that e(V ) = V1 then V
′
1 = ψ(e)(V
′).
Proof. The equality ere = re in Remark 1 implies that ψ(e)(V ′) is a submodule
of V ′. It is clear that this is a non-zero submodule, therefore Lemma 2 implies that
V ′1 ⊂ ψ(e)(V
′). Let f ′ be a projection of V ′ onto V ′1 and f = ψ
−1(f ′). It follows
from the inclusion V ′1 ⊆ ψ(e)(V
′) that ψ(e)ψ(f) = ψ(f), therefore ef = f . In this
case 0 6= f(V ) = ef(V ) ⊆ V1, Lemma 2 implies that f(V ) = V1 = e(V ). This
implies that fe = e, therefore ψ(e)(V ′) ⊆ ψ(f)(V ′) = V ′1 . 
Lemma 5. Let R = EndDF and R
′ = EndD′F
′ be the rings of endomorphisms of
the graded flags F and F ′ over the graded division algebras D and D′ respectively.
Let β = {v1, . . . , vn} be a basis of F and let Eij be the D-linear endomorphism of
V such that Eijvk = δjkvi. If ψ : R → R
′ is an isomorphism of graded algebras
then dimDV = dimD′V
′. Moreover given a non-zero v′1 in ψ(E11)(V ) there exists
v′2, . . . , v
′
n in V
′ such that β′ = {v′1, v
′
2, . . . , v
′
n} is a basis for V
′ and ψ(Eij)(v
′
k) =
δjkv
′
i for any i, j such that Eij ∈ R.
Proof. Note that E11, . . . , Enn are orthogonal idempotents in R such that E11+
· · · + Enn is the idendity of R. This implies that V
′ = ⊕nj=1Q
′
j , where Q
′
j =
ψ(Ejj)(V
′). Since Q′j is a non-zero D
′-subspace of V ′ we conclude that
dimD′V
′ =
n∑
j=1
dimD′Q
′
j ≥ n = dimDV.
An analogous argument proves the inequality dimDV ≥ dimD′V
′, therefore we
conclude that dimD′V
′ = dimDV . This implies that dimD′Q
′
j = 1 for j = 1, . . . , n.
Given Eij in R we have ψ(Eij)Q
′
k = ψ(Eij)ψ(Ekk)(V
′) = 0 for any k 6= j. If
ψ(Eij)Q
′
j = 0 then ψ(Eij) = 0, which is a contradiction, therefore ψ(Eij)Q
′
j 6= 0.
The equality EiiEij = Eij implies that ψ(Eij)Q
′
j ⊆ Q
′
i, since Q
′
i and Q
′
j are
D′-modules of dimension 1 we conclude that v′ 7→ ψ(Eij)v
′ is an isomorphism
of D′-modules from Q′j onto Q
′
i. Let v
′
i be the unique element of Q
′
i such that
ψ(E1i)(v
′
i) = v
′
1, i = 2, . . . , n. Then β
′ = {v′1, . . . , v
′
n} is a basis of V
′. For
any Eij ∈ R and k 6= j we have v
′
k = ψ(Eij)(v
′) for some v′ ∈ V ′, therefore
ψ(Eij)(v
′
k) = ψ(Eij)ψ(Ekk)(v
′) = 0. Moreover E1i ∈ R and
ψ(E1i)ψ(Eij)(v
′
j) = ψ(E1j)(v
′
j) = v
′
1,
therefore ψ(Eij)(v
′
j) = v
′
i. 
Remark 2. Let R be a graded simple algebra (i.e. R2 6= 0 and 0, R are the only
homogeneous ideals) that has a minimal graded left ideal I. If V is any graded
simple left R-module, then there exists g ∈ G such that V is isomorphic to I [g] as
a graded R-module (see [2, Lemma 2.7]).
Theorem 1. Let D, D′ be graded division algebras, V , V ′ be graded right modules
over D and D′ respectively and R = EndDF , R
′ = EndD′F
′, where F : V1 ⊂
· · · ⊂ Vr, F
′ : V ′1 ⊂ · · · ⊂ V
′
r′ are graded flags on V and V
′ respectively. If
ψ : R → R′ is an isomorphism of graded algebras then r = r′ and there exists a
g ∈ G and an isomorphism (ψ0, ψ1) from (
[g−1]D[g],F [g]) to (D′,F ′) such that
ψ1(rv) = ψ(r)ψ1(v) for every r ∈ R and every v ∈ V .
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Proof. Let W1 be a subspace of V such that V = V1 ⊕W1 and denote e the
corresponding projection onto V1. Then e is an idempotent of R such that e(V ) =
V1. Lemma 3 implies that R = R1 ⊕ I1, where R1 = Re and I1 = R(1 − e). We
consider V ′ as a left R-module with the action rv := ψ(r)(v), Lemma 4 implies that
eV ′ = V ′1 . Remark 1 and Lemma 4 imply that I1V1 = 0 and I1V
′
1 = 0, moreover V1,
V ′1 are simple R-modules, hence we conclude that V1 and V
′
1 are simple R1-modules.
Remark 2 implies that there exists a g ∈ G and an isomorphism ψ′1 : V
[g]
1 → V
′
1 of
R1-modules, the equalities I1V
′
1 = 0 and I1V1 = 0 imply that ψ
′
1 is an isomorphism
of R-modules. Define ψ0 :
[g−1] D[g] → D′ as
v′ψ0(d) = ψ
′
1
(
(ψ′1)
−1(v′)d
)
,
for v′ ∈ V ′ and d ∈ D. Therefore (ψ0, ψ
′
1) is an isomorphism from (
[g−1]D[g], V
[g]
1 )
to (D′, V ′1).
Let β = {v1, . . . , vn} be a basis for F and β
′ = {v′1, . . . , v
′
n} the basis of V
′ given
in Lemma 5 with v′1 = ψ
′
1(v1). Denote ψ1 : V → V
′ the mapping
(1) ψ1(v1d1 + · · ·+ vndn) = v
′
1ψ0(d1) + · · ·+ v
′
nψ0(dn).
Note that (ψ0, ψ1) is an isomorphism from (
[g−1]D[g], V [g]) to (D′, V ′). Since
Eijvk = δjkvi and Eijv
′
k = δjkv
′
i we conclude that given Eij in R and vk in β
we have
ψ1(Eijvk) = δjkv
′
i = Eijv
′
k = Eijψ1(vk).
It is clear that ψ1(v + w) = ψ1(v) + ψ1(w) and ψ1(vd) = ψ1(v)ψ0(d) for every
v, w ∈ V , d ∈ D, therefore we conclude that
(2) ψ1(Eijv) = Eijψ1(v),
for every Eij ∈ R and every v ∈ V .
Given d ∈ D denote rd the D-linear endomorphism of V such that rd(vk) = vkd
for k = 1, . . . , n, clearly rd ∈ R for every d ∈ D. We have
rdv
′
1 = rdψ1(v1) = ψ1(rdv1) = ψ1(v1d) = v
′
1ψ0(d).
We claim that rdv
′
k = v
′
kψ0(d) for k = 2, . . . , n. Note that for any d ∈ D and every
Eij ∈ R we have Eijrd = rdEij . Let d
′
1, . . . , d
′
n be the elements in D
′ such that
rdv
′
k = v
′
1d
′
1 + · · ·+ v
′
kd
′
k.
If i 6= k then v′id
′
i = Eii(rdv
′
k) = rdEiiv
′
k = 0, hence d
′
i = 0. Therefore rdv
′
k = v
′
kd
′
k
and we conclude that
v′1d
′
k = E1kv
′
kd
′
k = E1krdv
′
k = rdv
′
1 = v
′
1ψ0(d),
this implies that d′k = ψ0(d) and the claim is proved. We have
ψ1(rdvk) = ψ1(vkd) = v
′
kψ0(d) = rdv
′
k = rdψ1(vk),
therefore
(3) ψ1(rdv) = rdψ1(v),
for every d ∈ D and every v ∈ V . Given r ∈ R, let dij , 1 ≤ i, j ≤ n be the elements
of D such that rvk = v1d1k + · · · + vndnk. Then r =
∑
rdijEij , where the sum is
over the i, j such that Eij ∈ R. Therefore R is generated as a ring by the Eij that
lie in R together with the elements {rd | d ∈ D}. Therefore (2) and (3) imply that
ψ1(rv) = rψ1(v) for every r ∈ R and every v ∈ V . This implies that ψ1(V1) ⊂
· · · ⊂ ψ1(Vr) are R-submodules of V
′, analogously ψ−11 (V
′
1 ) ⊂ · · · ⊂ ψ
−1
1 (V
′
r′) are
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R-submodules of V . Therefore Lemma 2 implies that r = r′ and ψ1(Vi) = V
′
i for
i = 1, . . . , r. 
Let G be a group. Given D a graded division algebra and g ∈ Gn, where n is a
natural number, denote V (D,n,g) the graded right D-module ⊕ni=1
[gi]D.
Remark 3. The pairs (D,V (D,n,g)) and (D′, V (D′, n′,g′)) are isomorphic if and
only if, D ∼= D′, n = n′ and there exists h1, . . . , hn ∈ supp D, σ ∈ Sn such that
gi = g
′
σ(i)hσ(i) for i = 1, . . . , n.
Given a triple (D,m,g), where D is an algebra with a division grading by the
group G, m = (m1, . . . ,ms) and g = (g1, . . . , gn) ∈ G
n, n = m1 + · · ·+ms, denote
F (D,m,g) the graded flag V0 ⊂ V1 ⊂ · · · ⊂ Vs, where V0 = 0 and Vi = ⊕
ni
j=1
[gj ]D,
ni = m1 + · · · +mi, for i = 1, . . . , s. The ring R = EndDF of endomorphisms of
this flag is denoted A (D,m,g).
Lemma 6. Let F (D,m,g) : V0 ⊂ · · · ⊂ Vs and F (D
′,m′,g′) : V ′0 ⊂ · · · ⊂ V
′
s be
graded flags of the same length and let ψ0 : D → D
′ be an isomorphism of graded
algebras. There exists an isomorphism ψ1 : Vs → V
′
s of graded vector spaces such
that (ψ0, ψ1) is an isomorphism of pairs if and only if m = m
′ and there exists
h1, . . . , hn ∈ supp D, where n = n1 + · · ·+ ns, and σ ∈ Sm1 × · · · × Sms such that
gi = g
′
σ(i)hσ(i).
Proof Denote m = (m1, . . . ,ms) and m
′ = (m′1, . . . ,m
′
s′). Assume that there
exists an isomorphism of graded vector spaces ψ1 : Vs → V
′
s such that (ψ0, ψ1) is
an isomorphism of pairs. In this case the the pairs (D,Vi+1/Vi) and (D
′, V ′i+1/V
′
i )
are isomorphic, i = 0, . . . , s − 1. The vector space Vi+1/Vi has a basis of ho-
mogeneous elements of degrees (gni+1, . . . , gni+mi+1), where n0 = 0 and ni =
ni−1 + mi for i = 1, . . . , s. Analogously V
′
i+1/V
′
i has a basis of homogeneous
elements of degrees (g′
n′
i
+1, . . . , gn′i+m′i+1). Remark 3 implies mi = m
′
i and that
there exists hni+1, . . . , hni+mi ∈ supp D and a permutation σi of the elements
{ni + 1, . . . , ni +mi} such that gj = g
′
σ(j)hσ(j) for every j ∈ {ni + 1, . . . , ni +mi}.
Therefore we conclude that m = m′, moreover if σ = σ1 · · ·σs then gi = g
′
σ(i)hσ(i)
for i = 1, . . . , n. To prove the converse let {v′1, . . . , v
′
n} be a basis of F (D,m
′,g′)
of homogeneous elements with degGv
′
i = g
′
i. Let d1, . . . , dn be non-zero homoge-
neous elements of degrees h1, . . . , hn respectively. Now let wi = v
′
σ(i)dσ(i), the set
{w1, . . . , wn} is a basis of F
′ and degGwi = gi for i = 1, . . . , n. Now let {v1, . . . , vn}
be a basis for F of homogeneous elements of degrees (g1, . . . , gn). Then the map
ψ1(v1d1 + · · · + vndn) = w1ψ0(d1) + · · · + wnψ0(dn) is an isomorphism of graded
vector spaces such that (ψ0, ψ1) is an isomorphism of pairs. 
Corollary 1. The algebras A (D,m,g) and A (D′,m′,g′) are isomorphic if and
only if m = m′ and there exists a g ∈ G such [g
−1]D[g] ∼= D′ and there exists
h1, . . . , hn ∈ supp D and σ ∈ Sm1 × · · · × Sms such that g
′
i = gσ(i)hσ(i)g for
i = 1, . . . , n.
Proof. Theorem 1 implies that the algebras A (D,m,g) and A (D′,m′,g′) are
isomorphic if and only if the flags F (D,m,g) and F (D′,m′,g′) are of the same
length and there exists a g ∈ G and an isomorphism (ψ0, ψ1) from (D
′,F ′) to
([g
−1]D[g],F [g]). Note that F (D,m,g)[g] = F (D,m,k), where g = (g1, . . . , gs)
and k = (g1g, . . . , gsg), moreover supp
[g−1]D[g] = g−1(supp D)g. The result now
follows from the previous lemma. 
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Now we consider equivalence between rings of endomorphisms of graded flags.
In the case of rings of endomorphisms of vector spaces we have the following result.
Proposition 3. [2][Proposition 2.33] Let D, D′ be graded division algebras, V , V ′
be graded right modules over D and D′ respectively. If ψ : R → R′ is an equiva-
lence of graded algebras, where R = EndDV , R
′ = EndD′V
′ then there exists an
equivalence of pairs (ψ0, ψ1) from (D,V ) to (D
′, V ′) such that ψ1(rv) = ψ(r)ψ1(v)
for every r ∈ R and every v ∈ V .
As in Theorem 1 we obtain the analogous result for rings of endomorphisms of
graded flags. We remark that the converse of this proposition does not hold.
Corollary 2. Let D, D′ be graded division algebras, V , V ′ be graded right modules
over D and D′ respectively and R = EndDF , R
′ = EndD′F
′, where F , F ′ are
graded flags on V and V ′ respectively. If ψ : R → R′ is an equivalence of graded
algebras then there exists an equivalence of pairs (ψ0, ψ1) from (D,F ) to (D
′,F ′)
such that ψ1(rv) = ψ(r)ψ1(v) for every r ∈ R and every v ∈ V .
Proof. Let e be a projection of V onto V1 and R1 = Re. It follows from
Lemma 4 that e′ = ψ(e) is a projection onto V ′1 , let R
′
1 = R
′e′. Lemma 3 implies
that r 7→ r |V1 is an isomorphism from R1 onto EndDV1 and r
′ 7→ r′ |V ′
1
is an
isomorphism from R′1 onto EndDV
′
1 . The restriction of ψ to R1 is an equivalence
from R1 to R
′
1, hence Proposition 3 implies that there exists an equivalence of
pairs (ψ0, ψ1) from (D,V1) to (D
′, V ′1 ) such that ψ1(rv) = ψ(r)ψ1(v) for every
r ∈ R1 and every v ∈ V1. Lemma 3 implies that ψ1(rv) = ψ(r)ψ1(v) for every
r ∈ R. Now let β = {v1, . . . , vn} be a basis of F and β
′ = {v′1, . . . , v
′
n} be the
basis obtained from Lemma 5 with v′1 = ψ1(v1). Then the map ψ1 : V → V
′ given
by ψ1(v1d1 + · · · + vndn) = v
′
1ψ0(d1) + · · · + v
′
nψ0(dn) is an equivalence of graded
vector spaces such that (ψ0, ψ1) is an equivalence of pairs from (D,F ) to (D
′,F ′).
It follows from the proof of Theorem 1 that ψ1(rv) = ψ(r)ψ1(v) for every r ∈ R
and every v ∈ V . 
As a consequence of Corollary 2 we obtain the following.
Corollary 3. If the algebras A (D,m,g) and A (D′,m′,h) are equivalent then D
is equivalent to D′, m = m′ and there exists a bijection λ from {g(supp D) | g ∈
supp V } to {g′(supp D′) | g′ ∈ supp V ′} and a permutation σ ∈ Sm1 × · · · × Sms
such that hσ(i)supp D
′ = λ(gisupp D) for i = 1, . . . , n.
Proof. Corollary 2 implies that there exists an equivalence from F (D,m,g) to
F (D′,m′,g′). Let (ψ0, ψ1) be an equivalence of pairs this implies that D is equiv-
alent to D′, m = m′. Given g ∈ (supp V ) there exists a unique g′ ∈ supp V ′ such
that ψ1(Vg) = V
′
g′ hence we have a bijection g 7→ g
′. Since ψ1(vd) = ψ1(v)ψ0(d)
for every v ∈ V and every d ∈ D we conclude that g(supp D) = h(supp D)
if and only if g′(supp D′) = h′(supp D′), therefore g(supp D) 7→ g′(supp D′)
is a bijection which we denote λ. Let β = {v1, . . . , vn} be a basis of F of ho-
mogeneous elements of degrees g1, . . . , gn respectively. Then {v
′
1, . . . , v
′
n}, where
v′i = ψ1(vi) is a basis of F
′ of homogeneous elements of degrees g′1, . . . , g
′
n re-
spectively. Therefore there exists a permutation σ ∈ Sm1 × · · · × Sms such that
λ(gisupp D) = g
′
isupp D
′ = hσ(i)supp D
′. 
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4. Gradings on Upper Block Triangular Matrix Algebras
Let p = (p1, . . . , ps) be an s-tuple of natural numbers. Define inductively n0 = 0,
ni = p1 + · · ·+ pi, for i = 1, . . . , s and denote Pi = {ni−1 + 1, . . . , ni}, i = 1, . . . , s.
Given i ∈ {1, . . . , ns} there exists a unique k ∈ {1, . . . , s} such that i ∈ Pk. If
i ∈ Pk and j ∈ Pl then the elementary matrix eij , with 1 as the only non-zero entry
in the i-th line and j-th column, lies in R = UT (p1, . . . , ps) if and only if k ≤ l.
The set of elementary matrices eij that lie in R form a basis for this algebra, we
refer to this as the canonical basis of R.
Definition 4. A grading R = ⊕g∈GRg by the group G on the algebra R =
UT (p1, . . . , ps) of upper-block triangular matrix algebras is an elementary grading
if every elementary matrix in the canonical basis of R is homogeneous.
If R = UT (p1, . . . , ps) has an elementary grading then there exists an n-tuple
g = (g1, . . . , gn) of elements of G, where n = p1+· · ·+ps, such that degGeij = gig
−1
j .
Conversely given an n-tuple g = (g1, . . . , gn) we denote Rg the subspace of R
generated by the matrices eij in the canonical basis of R, where i, j are such that
gig
−1
j = g. Then R = ⊕g∈GRg is an elementary grading on R.
Any elementary grading is isomorphic to the algebra of endomorphisms of a
suitable flag over a field. In [1] the authors proved that two such rings of endomor-
phisms are isomorphic if and only if the graded flags are isomorphic up to a shift,
moreover the authors determined in terms of the associated tuples when two ele-
mentary gradings are isomorphic. In this section we consider the analogous results
for arbitrary gradings on upper-block triangular matrix algebras.
Definition 5. A G-grading R = ⊕g∈GRg on the algebra R is fine if Rg ≤ 1 for
every g ∈ G.
Lemma 7. [2][Lemma 2.20] Let R be a matrix algebra over an algebraically closed
field and let R = ⊕g∈GRg be a grading by the group G. Then the following condi-
tions are equivalent:
1) dimRg ≤ 1 for all g ∈ G;
2) dimRe = 1;
3) R is a graded division algebra.
Let G be a group, not necessarily abelian, R = Mn(K) with an elementary
grading induced by (g1, . . . , gn) ∈ G
n and D an algebra graded by G. The tensor
product R ⊗ D has a G-grading such that degG(eij ⊗ d) = gidegGdg
−1
j . If the
group G is abelian the tensor product on any two G-graded algebras R and S
has a canonical grading where (R ⊗ S)g = ⊕hk=gRh ⊗ Sk, this coincides with
the previous grading if R is a matrix algebra Mn(K) with an elementary grading.
The main result of [5] is that if G is a finite abelian group and the base field K
is algebraically closed of characteristic zero then every grading on an upper-block
triangular matrix algebra is isomorphic as a graded algebra to a tensor product
of an upper-block triangular matrix algebra with an elementary grading and full
matrix algebra with a fine grading.
Theorem 2. [5, Theorem 3.2] Let G be a finite abelian group and UT (d1, . . . , dm)
an upper block triangular matrix algebra over an algebraically closed field K of
characteristic zero. Then there exists a decomposition d1 = tp1, . . . , dm = tpm, a
subgroup H ⊂ G, and an n-tuple (g1, . . . , gn) ∈ G
n , where n = p1 + · · · + pm
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such that UT (d1, . . . , dm) is isomorphic to Mt(K)⊗UT (p1, · · · , pm) as a G-graded
algebra where Mt(K) is an H-graded algebra with a “fine” grading with support H
and UT (p1, · · · , pm) has an elementary grading defined by (g1, . . . , gn).
Since K is algebraically closed Lemma 7 implies that a fine grading on Mt(K)
is a division grading. In the next proposition we prove that the algebra Mt(K) ⊗
UT (p1, · · · , pm) in the previous theorem is isomorphic to the ring of endomorphisms
of a flag over D = Mt(K).
Proposition 4. Let G be a group, D a graded division algebra, p = (p1, . . . , ps)
an s-tuple of natural numbers and g = (g1, . . . , gn) an n-tuple of elements of G,
where n = p1 + · · · + ps. The algebra UT (p1, . . . , ps) ⊗K D with the grading such
that degG eij ⊗ d = gi(degG d)g
−1
j is isomorphic to the algebra A (D,p,g).
Proof. Let n = p1 + · · ·+ ps, we consider in Mn(K)⊗K D the grading such that
degG eij ⊗ d = gi(degG d)g
−1
j . The algebra UT (p1, . . . , ps)⊗K D is a homogeneous
subalgebra of Mn(K)⊗K D. Note that A (D,p,g) is a homogeneous subalgebra of
EndDV , where V = V (D,n,g). Let β = {v1, . . . , vn} be a basis of F (D,p,g) of
homogeneous elements such that degG vi = gi. Denote ϕ : Mn ⊗K D → EndDV
the isomorphism given by
ϕ((λij)⊗ d)vk =
∑
i
vi(λikd), k = 1, . . . , n.
We denote Eij the element of EndDV such that Eijvk = δjkvi for 1 ≤ i, j, k ≤
n. Given d ∈ D we denote rd the element of EndDV such that rdvk = vkd for
k = 1, . . . , n. An endomorphism r ∈ EndDV is determined by the equalities rvj =∑
i vidij , where dij ∈ D, j = 1, . . . , n. We have r =
∑
ij Eijrdij , moreover element
r lies in F (D,p,g) if and only if dij = 0 whenever i and j are such that i ∈ Pk,
j ∈ Pl and k > l. This implies that F (D,p,g) is generated by the elements
{Eij | i ∈ Pk, j ∈ Pl, 1 ≤ k ≤ l ≤ s} together with the elements {rd | d ∈ D}. Since
ϕ(eij ⊗ d) = Eijrd we conclude that ϕ maps UT (p1, . . . , ps)⊗KD onto A (D,p,g).

Corollary 4. Let S and S′ denote the algebras Mt(K) ⊗K UT (p1, · · · , pm) and
Mt′(K) ⊗K UT (p′1, · · · , p
′
m) respectively, where Mt(K), Mt′(K) are algebras with a
fine grading and UT (p1, · · · , pm), UT (p
′
1, · · · , p
′
m) have elementary gradings defined
by the tuples g, g′ of elements of G, respectively. The algebras S and S′ are
isomorphic if and only if Mt(K) ∼= Mt′(K), (p1, · · · , pm) = (p′1, · · · , p
′
m) and there
exists a g ∈ G, h1, . . . , hn ∈ supp Mt and σ ∈ Sp1 × · · · × Spm such that g
′
i =
gσ(i)hσ(i)g for i = 1, . . . , n.
Proof. Proposition 4 implies that S ∼= A (D,p,g), where D = Mt(K), p =
(p1, · · · , pm) and S
′ ∼= A (D′,p′,g′), where D′ = Mt′(K), p′ = (p′1, · · · , p
′
m). Since
the group is abelian [g
−1]D[g] = D for any g ∈ G, therefore the result follows from
Corollary 1. 
The converse of Corollary 2 does not hold in general. We prove that equivalence
of gradings distinguishes elementary and non-elementary gradings.
Corollary 5. Let S = UT (p1, · · · , pm) be an upper-block triangular matrix alge-
bra with an elementary grading by the group G defined by the tuple g and S′ =
UT (p′1, · · · , p
′
m) graded by the group H respectively. The algebras S and S
′ are
equivalent if and only if S′ has an elementary grading (p1, · · · , pm) = (p
′
1, · · · , p
′
m)
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and there exists a bijection λ from {g1, . . . , gn} to {h1, . . . , hn} such that the equal-
ity λ(gi)λ(gj)
−1 = λ(gk)λ(gl)
−1 holds whenever gig
−1
j = gkg
−1
l and a permutation
σ ∈ Sp1×· · ·×Spm such that hσ(i) = λ(gi) for i = 1, . . . , n, where hi = (degHe1i)
−1.
Proof. If S′ is equivalent to S then Corollary 3 and Theorem 2 imply that S′ has
an elementary grading. Note that (h1, . . . , hn), where hi = (degHE1i)
−1 induces the
elementary grading in S′. The existence of λ and σ also follows from Corollary 3. To
prove the converse note that S ∼= A (K,p,g) and S′ ∼= A (K,p,h). Let {v1, . . . , vn}
be the canonical basis of F (K,p,g) and {v′1, . . . , v
′
n} be a basis of F (K,p,h) where
degHv
′
i = λ(gi). The linear map ψ1 such that ψ1(vi) = v
′
i is an equivalence of vector
spaces. Let ψ : A (K,p,g) → A (K,p,h) be the homomorphism of algebras such
that ψ1(rv) = ψ(r)ψ1(v) for every r ∈ A (K,p,g) and every v ∈ V . Then ψ(eij)
is homogeneous of degree λ(gi)λ(gj)
−1. This is an equivalence of algebras because
λ(gi)λ(gj)
−1 = λ(gk)λ(gl)
−1 whenever gig
−1
j = gkg
−1
l . 
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